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£N) ' Abstract 

We describe new lower bounds for randomized communication complexity and query com- 



o 



plexity which we call the partition bounds. They are expressed as the optimum value of linear 
programs. For communication complexity we show that the partition bound is stronger than 
^\ ' both the rectangle/ corruption bound and the ^/generalized discrepancy bounds. In the model of 

query complexity we show that the partition bound is stronger than the approximate polynomial 
degree and classical adversary bounds. We also exhibit an example where the partition bound 
, is quadratically larger than the approximate polynomial degree and adversary bounds. 

u; 

1 Introduction 
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The computational models investigated in communication complexity and query complexity, i.e., 
Yao's communication model (Yao79j and the decision tree model, are simple enough to allow us to 
prove interesting lower bounds, yet they are rich enough to have numerous applications to other 
models as well as exhibit nontrivial structure. Research in both these models is concentrated on 
lower bounds and a recurring theme is methods to prove such bounds. In this paper we present a 
new method for proving lower bounds on randomized complexity in both of these models. 
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1.1 Communication Complexity 



X 



In the model of communication complexity there are several general methods to prove lower bounds 
in the settings of randomized communication and quantum communication. Linial and Shraibman 
[LS09] identified a quantity called 72, which not only yields lower bounds for quantum protocols, 
but also subsumes a good number of previously known bounds. Later, Sherstov [S08J described a 
quantity called generalized discrepancy (the name being coined in |CA08j ). which also coincides 
with 72. The generalized discrepancy can be derived from the standard discrepancy bound (see 
[KN97], this bound was shown to be applicable in the quantum case by Kremer and Yao |Kre95| ) 
in a way originally suggested by Klauck [K07J. In particular, Sherstov showed that the 72 method 
yields a tight Q(y/n) bound for the quantum communication complexity of the Disjointness problem, 
arguably the most important single function considered in the area. This result was previously 
established by a more complicated method [Raz03| . for a matching upper bound see |AA05j . This 
leaves our knowledge of lower bound methods in the world of quantum communication complexity 
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in a neat form, where there is one "master method" that seems to do better than everything else; 



the only potential competition coming from information theoretic techniques like in [JKS03, JRS03], 
which are not applicable to all problems, and not known to beat 72 either. 

In the world of randomized communication things appear to be much less organized. Besides 
simply applying 72, the main competitors are the rectangle (aka corruption) bound (compare [Y83} 
BFS86, Raz92, K03, BPSW06J), as well as again information theoretic techniques. Both of the 
latter approaches are able to beat 72, by allowing D,(n) bounds for the Disjointness problem [Raz03, 
BKKS04, KS92J, and there is an information theoretic proof of a tight Q(n) lower bound for the 
Tribes function (an AND of y/n ORs of y/n ANDs of distributed pairs of variables [ J KS0 3] ) . With 
the rectangle bound one cannot prove a lower bound larger than y/n for this problem, and neither 
with 72. So the two general techniques, rectangle bound and 72, are known to be quadratically 
smaller than the randomized communication complexity for some problems, and the information 
theoretic approach seems to be only applicable to problems of a "direct sum" type. 

In this paper we propose a new lower bound method for randomized communication complexity 
which we call the partition bound 0- We derive this bound from a linear program, which captures a 
relaxation of the fact that a randomized protocol is a convex combination of deterministic protocols 
and hence a convex combination of partitions of the communication matrix into rectangles. Linear 
programs have been previously used to describe lower bounds in communication complexity. Lovasz 
[L90] gives a program which, as we show, turns out to capture the rectangle bound. Our program 
for the partition bound however uses stricter constraints to overcome the one-sidedness of Lovasz 's 
program. Karchmer et al. |KKN95j give a linear program for fractional covers, as well as a linear 
program which can be seen to be equivalent to our zero-error partition bound for relations, where 
it was introduced as a lower bound to deterministic complexity. 

We also describe a weaker bound to the partition bound which we call the "smooth rectangle 
bound". It is inherently a one-sided bound and is derived by relaxing constraints in the linear 
program for the partition bound. This bound has recently been used to prove a strong direct 
product theorem, for Disjointness in [K09]. Another way to derive the smooth rectangle bound is 
as follows. Suppose we want to prove a lower bound for a function /. Then we could apply 
the rectangle bound, but sometimes this might not yield a large enough lower bound. Instead we 
apply the rectangle bound to a function g that is sufficiently close to / (under a suitable probability 
distribution), so that lower bounds for g imply lower bounds for /. Maximizing this over all <?, close 
to /, gives us the smooth rectangle bound. This is the same approach that turns the discrepancy 
bound into the generalized discrepancy (see |S08[ IK07| ) . We will use the term smooth discrepancy 
in the following, because it better captures the underlying approach. 

After defining the partition bound and the smooth rectangle bound we proceed to show that the 
smooth rectangle bound subsumes both the standard rectangle bound and 72/smooth discrepancy. 
We also show that the LP formulation of the smooth rectangle bound coincides with its natural 
definition as described above. This leaves us with one unified general lower bound method for 
randomized communication complexity, the partition bound. 

1 In this paper we are only concerned with the two-party model and the partition bound for other models can be 
defined analogously. For example for the Number on the Forehead Model it can be defined by replacing rectangles by 
cylinder intersections. 
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1.2 Query Complexity 



We then turn to randomized query complexity. Again there are several prominent lower bound 
methods in this area. Some of the main methods are the classical version of Ambainis' adversary 
method (the quantum version is from [A02] . and classical versions are by Laplante/Magniez [LM08J 
and Aaronson |A08j ); the approximate polynomial degree [NS94, BB C + 0l] ; the randomized certifi- 
cate bound defined by Aaronson [A06| (this being the query complexity analogue of the rectangle 
bound in communication complexity), as well as older methods like block-sensitivity [Nis91| . 

We again propose a new lower bound, the partition bound, defined via a linear program, this 
time based on the fact that a decision tree partitions the Boolean cube into subcubes. We then 
proceed to show that our lower bound method subsumes all the other bounds mentioned above. In 
particular the partition bound is always larger than the classical adversary bound, the approximate 
degree, and block-sensitivity. 

To further illustrate the power of our approach we describe a Boolean function, (AND of ORs), 
which we continue to call Tribes, for which the partition bound yields a tight linear lower bound, 
while both the adversary bound and the approximate degree are at least quadratically smaller. 



2 Communication Complexity Bounds 

In this section we present the definition of the partition bound and the smooth-rectangle bound 
followed by the definitions of the previously known lower bounds for randomized communication 
complexity. Subsequently, in the next subsection, we present key relationships and comparisons 
between various bounds. 



2.1 Definitions 

Let f : X x y ^ Z be a, partial function. All the functions considered in this section are partial 
functions unless otherwise specified, hence we will drop the term partial henceforth. It is easily 
verified that strong duality holds for the programs that appear below and hence optima for the 
primal and dual are same. Let 7Z be the set of all rectangles in X x y. We refer the reader to [KN97J 
for introduction to basic terms in communication complexity. Below we assume (x,y) E X x y, R E 
1Z, z E Z, unless otherwise specified. Let f^ 1 C^xJ denote the subset where /(•) is defined. For 

def 

sets A, B we denote A — B = {a : a E A, a ^ B}. We assume e > unless otherwise specified. 
2.1.1 New Bounds 

Definition 1 (Partition Bound) The e-partition bound of f , denoted prt e (/), is given by the 
optimal value of the following linear program. 

Primal Dual 

min: max: (1 — e)fj, XlV + 4>x,y 

* R (x^ef- 1 (x,y) 

V(x,y)er 1 : > 1 ~ \/z,\/R: ^ /J, x>y + ^ 1, 

R:(x,y)GR {x ,y)£ f - 1 (z)nR (x,y)eR 

V(&,3/) : = 1, V(x,y) : (m WiV > 0,4> x , v 6 R . 

R:(x,y)£R z 
Vz,Vi? : W Z .R > . 



3 



Below we present the definition of smooth-rectangle bound as a one-sided relaxation of the 
partition bound. As we show in the next subsection, it is upper bounded by the partition bound. 

Definition 2 (Smooth-Rectangle bound) The e- smooth rectangle bound of f denoted srec e (/) 
is defined to be maxjsrecf (/) : z € Z}, where srecf (/) is given by the optimal value of the following 
linear program. 

Primal Dual 

min: ^ wr max: ^ ((1 — e)fi x , y - (j> x , y ) - ^ e ■ fJ. x , y 

Ren ( X ,y)ef-i(z) (x^ef-^f-Hz) 

V(z,y) G r\z) ■ W R> 1 ~^ VR: U**.v ~ 4>*,v) ~ /**.»<!. 

R--(*,y)en (x, y )ef- 1 (z)nR (z.yJeCRn/- 1 )-/- 1 ^) 

V{x,y) G : w «<b V(x,y) : fi x , y > 0;<f> x , y > . 

fl:(o:,y)efl 

v^j/jer 1 -/- 1 ^): J2 w «^ e - 

fl:(a;,i/)S« 

Vi? : w R > . 

Below we present an alternate and "natural" definition of smooth-rectangle bound, which jus- 
tifies its name. In the next subsection we show that the two definitions are equivalent. 

Definition 3 (Smooth-Rectangle bound : Natural definition) In the natural definition, (e,5)- 
smooth-rectangle bound of f, denoted srec tt $(f), is defined as follows (refer to the definition of 
fec^' X (g) in the next subsection): 

srec e ,5(/) = f max{srec^(/) : z £ Z}. 

srec £(5 (/) = max{srec e ' (5 (/) : A a (probability) distribution on X x y n /~ }. 

srec^(/) = max{rTc^ A (<7) : g : X x y - Z: Pr [f(x,y) + g{x,y)\ < 5; X(g'Hz)) > 0.5}. 

(x,j/)<-A 

Below we define smooth-discrepancy via a linear program. In the next subsection we present the 
natural definition of smooth-discrepancy and in the subsequent subsection we show that the two 
definitions are equivalent. As we also show in the next subsection smooth-discrepancy is upper 
bounded by smooth-rectangle bound which in turn is upper bounded by the partition bound. 

Definition 4 (Smooth-Discrepancy) Let f : X x y — > {0, 1} be a Boolean function. The 
smooth- discrepancy of f , denoted sdisc e (/), is given by the optimal value of the following linear 
program. 

Primal Dual 

min: wr + vr max: y, X}y — (1 + e)4> x , y 

Ren O.yje/ -1 

V(x,y) G : l + e> Yl Wr-Vr>1, VR : ^ - 4> x , y ) - ^ (y, x , y - <f> x , y ) < 1, 

R-.(x, y )eR (x, y )ef~ 1 (i)nR O.^efln/- 1 ^) 

V(x,y) G / _1 (0) : l + e> ^ «h - > 1, Vi? : ^ - <j> x , v ) - ^ (/x^ - 4>x, y ) < 1, 

R-.(x, y )eR (x, y )ef~ 1 (o)nR (x.t/Jgfln/- 1 )!) 

Vi? : w fl > . V(a, y) : /tt^j, > 0; 4> x , y > . 
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2.1.2 Known Bounds 



Below we present the definition of the rectangle bound via a linear program. This program was 
first described by Lovasz [L90J although he did not make the connection to the rectangle bound. 

Definition 5 (Rectangle-Bound) The e-rectangle bound of f, denoted rec e (/), is defined to be 
maxjrecf (/) : z £ Z}, where recf(f) is given by the optimal value of the following linear program. 

Primal Dual 



min: ^2 W R max: ^ (1 — e) ■ fj, x , y — ^ e- fi m>y 

\/(x,y)er 1 (z): w *> l -*i VR: £ » x , y - ]T < 1, 

R:(*«)efl (x, y )£f-i(z)nn ( a: ,y)e(fln/-i)-/-i( z ) 

V(x,y) G / _1 - : ^ w R < e, V(»,j/) : > . 

ii:(rc,a)e-R 

V7? : Wii > . 

Below we present the alternate, natural and conventional definition of rectangle bound as used 
in several previous works |Y83j IBFS861 IRaz921 IK03|. IBPSW06] . In the next subsection we show 
that the two definitions are equivalent. 

Definition 6 (Rectangle-Bound: Conventional definition) In the conventional definition, e- 
rectangle bound of f, denoted rec e (/) is defined as follows: 

rec e (/) d = max{rec^(/) : z £ Z} 

reef (/) d = max{recf' A (/) : A a distribution on X x y n / _1 wtt A(/ _1 (j?)) > 0.5}. 
ric*' A (/) = min{ 1 : R £lZ with e ■ \{f-\z) D R) > X(R - f- l (z))} . 

Below we present the definition of discrepancy via a linear program followed by the conventional 
definition of discrepancy. It is easily seen that the two are exactly the same. 

Definition 7 (Discrepancy) Let f : X x y — > {0, 1} be a Boolean function. The discrepancy of 
f, denoted disc(/) ; is given by the optimal value of the following linear program. 

Primal Dual 

min: Wr + vr max: (j, x , y 

r O.i/Je/- 1 

V(x,y) £ = X] Wr-Vr>1, VR: ths,v- l*x,y < 1, 

R:(x, y )£R (a:,j/)e/- 1 (l)niJ (*,»)e.Rn/- 1 (0) 

V(x,V) e / _1 (0) : ^2 vr-w r >1, \JR; ^ ^ - »*,v < b 

R:(x,y)£R (x ,y)G f - 1 (0)nR (x,y) £ fln/ ~ 1 (1) 

V7? : wjj, v R > . \/(a;, y) : fx x , y > . 

Definition 8 (Discrepancy: Conventional definition) Let f : <Y x y — > {0, 1} 6e a Boolean 
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function. The discrepancy of f , denoted disc(/) is defined as follows: 

disc(/) == max{disc A (/) : A a distribution on X x y n f 1 }- 
disc*(/) ^ min{ — 1 - : R G 7£} . 

Below we present the natural definition of smooth-discrepancy which has found shape in previous 
works |K071 [S08], It is defined in analogous fashion from discrepancy as smooth-rectangle bound 
is defined from rectangle bound. 

Definition 9 (Smooth-Discrepancy: Natural Definition) Let f : Xxy — > {0,1} be a Boolean 
function. The 5- smooth- discrepancy of f , denoted sdisc^/), is defined as follows: 

sdisc^/) d = maxjsdisc^ (/) : A a distribution on X x y n f 1 }- 

sdisc 5 (/) d = max{disc A 0) : g : X x y ^ Z- Pr [f(x, y) / g(x, y)] < 8}. 

(x,y)<-\ 

Below we define the 72 bound of Linial and Shraibman [LS09] and show in the next subsection that 
it is equivalent to smooth-discrepancy. 

Definition 10 (72 bound [LS09]) Let A be a sign matrix and a > 1. Then, 

72 (V= min r(X)c(Y) ; 72 (A) = min . 72(B). 

X,Y:XY=A B:V(i,j) l<A(ij)B(i,j)<a 

Above r{X) represents the largest £2 norm of the rows of X and c(X) represents the largest £2 norm 
of the columns ofY. 

Below we present two well-known lower bound methods for deterministic communication com- 
plexity. 

Definition 11 (log-rank bound) Let f : X x 3^ — > Z be a total function. Let Mf denote the 
communication matrix associated with f ; D(/) denote the deterministic communication complexity 
of f and rank(-) represents the rank over the reals. Then it is well known \KN91 1 that D(/) > 
log 2 rank(/). 

Definition 12 (Fooling Set) Let f : X x y — > Z be a total function. A set S C X x y is called 
a fooling set (for f) if there exists a value z G Z, such that 

• For every (x, y) £ S, f(x, y) = z. 

• For every two distinct pairs (x\,yi) and (x2,y2) in S, either f(x 1,2/2) 7^ z or /(^2>2/l) 7^ z - 
It is easily argued that D(/) > log 2 \S\ \KN97{ . 
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2.2 Comparison between bounds 

The following theorem captures key relationships between the bounds defined in the previous sec- 
tion. Below R.£ Ub (f) denotes the public-coin, e-error communication complexity of /. 

Theorem 1 Let f : X x y — > Z be a function. 

1. Rr b (/)>logprt e (/). 

2. prt e (/) > srec e (/). 

3. srec e (/) > rec e (/). 

4- Let f : X x y — > Z be a total function, then D(/) = 0((log prt (/) +logn) 2 ). Later we exhibit 
that the quadratic gap between D and log prt is ii^/tt. For relations however there could be 
an exponential gap between log prt and D as shown in [KKN95]. 

5. Let f : X xy —* Z be a total function, and let S C X xy be a fooling set. Then prt (/) > |<S| . 
Proof 

1. Let V be a public coin randomized protocol for / with communication c == Re Ub (/) and worst 
case error e. For binary string r, let V r represent the deterministic protocol obtained from V 
on fixing the public coins to r. Let r occur with probability q(r) in V . Every deterministic 
protocol amounts to partitioning the inputs in X x y into rectangles. Let lZ r be the set of 
rectangles corresponding to different communication strings between Alice and Bob in V r . We 
know that \R- T \ < 2 C , since the communication in V r is at most c bits. Let z r R € Z be the 
output corresponding to rectangle R in V r . Let 

W 'z,R = E q ^ ■ 

r-.R&Tlr and z r R =z 

It is easily seen that for all (x,y,z) 6 X x y x Z: 

Pr[V outputs z on input (x, y)] = W ' Z ,R ■ 

R:(x,y)eR 

Since the protocol has error at most e on all inputs in / _1 we get the constraints: 

V(x, y) £ / 1 : X] - 1 - e • 

R:(x,y)ER 

Also since the PrfT 3 outputs some z£2on input (x,y)] = 1, we get the constraints: 

V(x,y) : ^ ^ w' zR = 1 . 

2 R:{x,y)eR 

Of course we also have by construction : Vz, V-R : R > 0. Therefore {it/, R : z e Z,R e 1Z} 
is feasible for the primal of prt e (/). Hence, 

prt e (/) < E E <* = E ^ -i^i< 2C E = 2C • 

z R r r 
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2. Fix z' G Z. We will show that srecf (/) < prt e (/); this will imply srec e (/) < prt e (/). Let 
{ w z,R ■ z £ Z,R € 1Z} be an optimal solution of the primal for prt e (/). Let us define 

def 

vR G 7£ : = ?zv,R> hence Vi? G 7£, it;^ > 0. Now, 

V(x,y) G /~V) : > 1 - e =}► ^ w B > 1 - e, 

R:(x,y)£R R:(x,y)eR 

V(x,y) G / _1 - : w f(^,y),R - 1 ~ e X] ™ B - e ' 

R:(x,y)€R R:(x,y)&R 
R:(x,y)£R Z R:(x,y)£R 

Hence {fi^ : i? G 7?.} forms a feasible solution to the primal for srecf (/) which implies 

srecf(/) < < J2J2 W *>R = P rt ^ ■ 

R z R 

3. Fix z G Z. Since the primal program for srecf(/) has extra constraints over the primal 
program for rec^(/), it implies that reef (/) < srecf(/). Hence rec e (/) < srec e (/). 

def 

4. (Sketch) Let W = {w Zj r\ be an optimal solution to the primal for prt /- It is easily seen 
that 

w ZtR > ((x, y)£R^ f(x, y) = z) . 

Using standard Chernoff type arguments we can argue that there exists subset W C W with 
\W'\ = O(nprt /) such that : 

V(x,y)G/ _1 : ^ w f(x,y),R > ■ 

«:(o; ) 2/)e-R,iu / ( x , !/) , J? 6W 

Hence W' is a cover of <Y x y using monochromatic rectangles. Now using arguments as in 
Theorem 2.11 of \KN97\ it follows that D(/) = 0((log prt / + log n) 2 ). 

5. Define [x x ^ y d = 1; 4> x ,y == iff (x, y) G S and fj, x ,y = 4> x ,y = f otherwise. Since no two elements 
of 5 can appear in the same rectangle, it is easily seen that the constraints for the dual of 
prt (/) are satisfied by {/J, Xt y,<f) Xt y} . Hence prt (/) > Yl{x,y){^x,y ~ (f>x,y) = \S\. 

□ 

The following lemma shows the equivalence of the two definitions of the rectangle bound. 
Lemma 1 Let f : X x y — > Z be a function and let e > 0. Then for all z G Z, 

1. rec*(/)<fic|(/). 

2. rec£(/) >§•(!-€) 
Proof 
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def 

1. Fix z G Z. Let k = recf(/). Let {/J, x ,y (x,y) £ X X y} be an optimal solution to the dual 
for recf(/). We can assume without loss of generality that (x,y) ^ / _1 =^ /j, Xj y = 0. Let 

fc i = f T,( x ,y)ef-i( z ) Vx,y and fc 2 = f E( x ,y)ef-i-f-i( z ) »x,y Then, 

fc = 0- ~ e ) X] f^>V ~ € Vx,y 
(x,y)&f-i(z) Oz,y)e/-i-/-i(*) 

fe = (1 — e)/ci - ek 2 
=> k\ > k and k\ > ek 2 (since k, k% > 0) . (1) 

Let us define A^ d = iff f(x,y) = z and A^j, = otherwise. It is easily seen that A 
is a distribution onA'xJnr 1 and A(/" 1 (z)) = 0.5. For all R € K, 

( :c , 2 /)e/-i(z)niJ (x^eCfln/- 1 )-/- 1 ^) 
=^ ^ 2ki\ x , y - ^2 2k2\ x , y < 1 

2 ^i^,s/ - — A ^ ^ 1 ( from O) 

(x,y)e/- 1 ( 2 )n J R (x,y)<ER-f-l(z) 



,(a : ,H)e/- 1 (2 : )n-R / (x,y)eR-f- l (.z) 



Let i? G 7£ be such that Ylix „) e f-i(y)n.R ^x,y — P Then we have from above 



e 
2 



^ ^x,y J < ^ A^ . (2) 

^x,y)£f-i(z)nR J (x,y)eR~f-Hz) 



Therefore by definition rec1i' A (/) > k which implies rec|(/) > k. 

2 2 

2. Fix z <E Z. Let = fecfeC/O- Let A be a distribution on ^ x ^ n / _1 such that fec^eC/) = 
reC2e A (/) an d A(/^ 1 (z)) > 0.5. Let us define fj, x , y d = & • A XjS/ iff f(x,y) = z; \i x ^ y == • ^f- iff 
(x,y) G Z -1 -/ -1 ^) and fj, x>y = otherwise. Now let R £ 1Z be such that X(f~ 1 (z)nR) < A, 
then 

^ A XiJ/ < - ^ £t X)J , < 1 . 

(o;,2/)e/- 1 («)n-R ' Ms/^^nJi 

Let A(/ -1 (;8) Hi?) > then 

2e A XiS/ < Aa; )2/ 

(x,y)ef-\z)nR (x,y)e(Rnf- 1 )-f- 1 (z) 
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Hence the constraints of the dual program for reef (/) are satisfied by {fi x ,y : (x,y) E X x y}. 
Now, 

rec*(/) ^ E ( l ~ e )-^y- E e '^y 

(x,v)ef-Hz) (.x, y )ef-i-f-Hz) 

= *■( E a -*)•**,«- E ^ 

V(x,j/)6/-i(^) (ir.i/Je/- 1 -/- 1 ^) 
> |-(^-6) (since X(f-\z)) > 0.5) . 

□ 

The following lemma shows the equivalence of the two definitions of the smooth-rectangle bound. 

Lemma 2 Let f : X x y — ► Z 6ea function and let e > 0. TTten /or a// z £ Z, 

1. srecf(/)<srecl i^C/). 

2 ' 2 

2. srecf(/)>i-(i- e )-s^ e)f (/). 
Proof 

1. Fix z £ Z. Let {fJ- x ,yj4'x,y ■ (x,y) €. X x y} be an optimal solution to the dual for srecf(/). 
We can assume w.l.o.g. that ^ =>■ /x X)2/ = XjJ/ = 0; also that (x,y) ^ f l {z) => 

<frx,y = 0. Let us observe that we can assume w.l.o.g. that V(x,y) G f~ 1 (z), either /j, X;y = 
or (j) x , y = 0. Otherwise let us say that for some (x,y) G f' 1 (z) : /x X) y > <^ XjJ/ > 0. Then using 

^'x,y d= = ^,2/ ~~ 4>x,y and <^ j2/ == instead of (fi x ,yi 4>x,y), and the rest the same, is a strictly 
better solution; that is the objective function is strictly larger in the new case. A similar 
argument can be made if for some (x,y) G f~ l {z) : (f> Xty > \i x ,y > 0. 

Let g : X x y — > Z be such that g(x, y) = f(x, y) iff <p X) y = and g(x, y) 7^ f(x, y) otherwise 

(g remains undefined wherever / is undefined). For all (x,y) let [i' x y == [i x<y iff 4> x>y = and 
n' x y = 4> XtV otherwise. Then y(x,y), fi' x y > and 

VRell: (a**,i/ - <t>x, y ) - E Vxa < l 

(x^ef-^z^R (x.yJeCfln/- 1 )-/- 1 ^) 

^Vi?G^: J] E ^J/^ 1 • ( 3 ) 

Hence {fi' xy : (x,y) E X x y} is a feasible solution to the dual of reef (g). Now, 

k = ^ (l-e)-n' Xjy - e '^'x,y ( 4 ) 

{x,y)eg~ 1 {z) (x,y)eg- 1 -g- 1 (z) 

E ( x - e ) • a*x, w - E e ■ & x >y ~ E 6 ' 

(x,v)ef-Hz) (x, y )ef-i(z) (x,y)ef-i-f-Hz) 

> E ( X - e ) • A**,!/ - E ^.w ~ E e ' ^.w 

(x.i/jeZ-H*) (x^ef-Hz) (x.i/Je/- 1 -/- 1 ^) 

= srecf(/) . (5) 
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Let h = E( x ,y)e g -i(z) Vx,y and k 2 = 52( x ,y)eg-i-g-i( z ) /4, r Let X x>y = iff g(x,y) = 
z and X x ^y = f ^j-, otherwise. It is clear that A is a distribution on X x y Pi g~ l and 
X(g^ 1 (z)) = 0.5. As in the proof of Part 1. of Lemma[H using ([3]) and (|4|), we can argue that 
reC| A (5) > recf x {g) > k. Also since 52 (Xiy)ef -i((l-e)lJ>x,y-<f>x,y) > and E^e/- 1 ^)^* - 

^,j/)-E(x,j / )e(/- 1 )-/- 1 ^) ^ - 1 we can argue tnat E(x,j / )e/- 1 (-2) ^ x >y - ( 1_e )^ 2 ( we assume 
srecf(/) is at least a large constant) . Therefore, 

Pr \g(x,y) / /(x,y)] = V ^ < ^—-^ . 

[x,y)€f 1 (z) 

Hence by definition, srec| i- e (/) > srec^' A 1 _ e (/) > rec|' A (g) > k> srecf(/). The last inequal- 

2' 2 3 '"T" 2 

ity follows from ([5]). 

2. Fix z £ Z. Let fc d = srec^ ,§(/)■ Let A be distribution on X x ypf~ x such that srec^e (/) = 



srec^e(/). Let g : A" — ► Z be a function such that srec^ L {f) = rec^ {g)axxi\(g 1 (z))> 

0.5 and A(/ ^ g) < e/2. Note that we can assume w.l.o.g. that g(x,y) ^ f(x,y) => f(x,y) = 
z. 

For G let us define fj, x>y d = & • A^ iff g(x,y) = f(x,y) = z and fj, x>y d = k • ^f- iff 

f(x,y) ¥= z - Let <f> x>v = k- iff z = f(x,y) ^ For ^ let = <^ )2/ = 0. 

Now let G 7£ be such that \(g~ l (z) P\R)<\, then 

X! < T ^ XI ^ - 1 

(^,2/)69- 1 (2)nR " (x, 2 /)e3- 1 (2)nfl 



^ ^ f^x,y ^x^y ^ 1 

(x,y)£f-^(z)nR 



Let A(5 -1 (z) n R) > L then 



(x,y)€g- 1 (,z)nR {x,y)eR-g- l {z) 
X^ — 

(x,y)ef-i(z)nR (x^eiRnf-^-f-^z) 
Hence the constraints of the dual program for srecf(/) are satisfied by {^ x ,y, 4>x,y '■ (x,y) £ 
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X x ,y 



X xy}. Now, 

srec*(/) > ((I ~ e) ■ Vx, y - <Px, y ) - Y e ' 

(x,y)Ef-l(z) (x^ef-i-f-Hz) 

> Y ( x - e ) • - E x >y ~ Y e ' i**,v 

(x^eg-^z) (x^af^iz) (x,y)£g- 1 (z) 

= k • E C 1 - e ) ' A *>f - 2i E A ^ " E 2 

\(a:>S/)eg~ 1 (^) {x,y):f(x,y)j^g(x,y) (x,y)^g~ 1 {z) 

k A 

> r <4- £ >- 

The last inequality follows since A(<7 _1 (z)) > 0.5 and A(/ ^ g) < e/2. 

□ 

The following lemma shows the equivalence of the two definitions of smooth-discrepancy. 
Lemma 3 Let f : X x y — > {0, 1} 6e a function and let e > 0. T/ien 
sdisci_ £ (/) > sdisc e (/). 

2. \ ■ sdisc_i_(/) < sdisc e (/). 
Proof 

1. Let k = f sdisc e (/). Let {/^n,?/, 4>x,y\ be an optimal solution to the dual for sdisc e (/). As in the 
proof of Lemma [21 we can argue that for all (x,y) G /~ , either fi X) y = or <p Xiy = 0. For 

(x,y) G let us define X' == max{/j x „, <p x v \ and let A x „ = f ^ — T , — . It is clear 

that A is a distribution on / . Let us define g : X x y — > {0, 1} such that g^ 1 = f . For 
(x, y) € let y) = f(x, y) iff ^ = and let g(x, y) / /(x, y) iff ^ 0. Now 

VjR : I E {Vx,y - <t>x,y) - Y (fl>x,y - <f>x,y)\ < 1 

(x,y)ef- 1 (i)nR (x,j/)eiin/- 1 (o) 

v ^ : i E A '^- E ^i^ 1 



^ • i E Ax 'f — E Aa; >f i — — - Z ' 



1 

< 

(i,v)6D _1 (l)nfi (x^eRng-HO) ^x,y" 

Hence disc A (g) > k. Also since Yl(x y) ^x,y — (1 + z)<\>x,y > 0, 

t. r / x , m 1 , 1 1 e 

Pr ff(x,y) ^ / x,y = — — — > ^ < — — < - - - 

(x,y)*-\ Ex,y Vx, y + 4>x,y £J 2 + e 2 8 

Hence our result. 
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2. Let 5 == j^^- Let A be a distribution on / 1 such that k == sdisc,^/) = sdisc 5 (/) and 



Pr(x, y )^\[g(x,y) + f(x,y)] < 5. For (x,y) G / \ let ^ = fe • \ x , y ;(/> x , y = iff /(z,y) 
def , > 



y) and tp x y d = fe • X xy ; fj, xy = iff /(x, y) ^ g(x, y). Then, 



Vfl : | ^ A^ - ^ A^l < - 

(m^eg-i^nR fay^Rng- 1 (0) 

=> Vi? : I {^x,y - 4>x,y) - ~ 0o;,») I < 1 • 

(a; > 2/)e/- 1 (i)nB (a^e-Rn/- 1 ^) 
Hence {fJ, x ,y, <t>x,y} form a feasible solution to the dual for sdisc e (/). Now, 

sdisc e (/) > Vx,y - (1 + > fc((l - 5) - (1 + e)5) = k(l - (2 + e)5) = | 

fay) 



□ 



The following lemma states the rectangle bound dominates the discrepancy bound for Boolean 
functions and hence the smooth-rectangle bound dominates the smooth-discrepancy bound. 

Lemma 4 Let f : X x y — > {0, 1} be a function; let z € {0, 1} and let X be a distribution on 
X x yn f- 1 . Let e,5>0, then 

rec £ 2 (/)>(i-6)disc A (/)-i . 
This implies by definition and LemmaUl 

rTc|(/)>recf(/)>(i- e )disc(/)-i , 

s-Fga 5 (/) > (~ - e)stec s (f) - \ . 

Proof Let k = f disc A (/). Let V(x,y) G / _1 : fj, xy = k • \ xy and fi xy = otherwise. Then we 
have: 

VR : ^ A^ - ^ A^J, < - 

( X ,y)eRnf-l(z) fay)ER-f-->-(z) 

(x, y )eRnf-i(z) fay)e(Rnf-i-)-f-i-(z) 
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Hence the constraints for the dual of the linear program for reef (/) are satisfied by {fJ> x ,y '■ (x, y) € 
X x y}. Now, 

rec*(/)> ( X _ e ) ' Vx, y ~ Yj e 'Vx,y 

(x,y)Ef-l(z) (aMde/- 1 -/-^) 

(1 - e) • X x , y - Yl e " A ^ 
0*,v)e/- l (*) O^/- 1 ^) 

>*.(! i ^ = ( i_ e)lt _i. 

V 2 2fc / 2 2 

The last inequality follows since disc A (/) = k. □ 

For a function j : <V x ^ -> {0, 1}, let be the sign matrix corresponding to g, that is 
Ag(x,y) = {-l)9^v). Similarly for a sign matrix A, let qa be the corresponding function given 

def 

by gA(x,y) = (1 — A(x,y))/2. For distribution A on X x J- 7 , let P\ be the matrix defined by 

P\(x,y) d = X(x,y). For matrix B, define = f Ylij l^(^i)l- For matrices C,D, let C o £) 

denote the entry wise Hadamard product of C, D. Following lemma states the equivalence between 
smooth-discrepancy and the 72 bound. 

Lemma 5 Let f : X x — > {0, 1} 6e a Boolean function and let a > 1. T/ien 

J • sdiic if/) < 72 (^/) < 8 • sdisc^(/) . 

2 2(a + l) a+1 

Proof We have the following facts: 

Fact 1 ([LS09j) For every sign matrix A, 

^{A) = max^ ((a + 1) (A, B) - (a - 1)||B|| S ) . 
Above, 72(') *s i/ie dual norm of^i')- 

Fact 2 (|LS09j) Let A be a sign matrix and let X be a distribution. Then, 

1 \ . . 1 

< d\sc x (g A ) < 



14 



Therefore we have, 



Similarly, 



>y$(A f ) = max— i— ((a + 1) (A f ,B) - (a - l)||5|| s ) 

B:\\B\\ S =1 2j 2 {B) 
g,X %{A g o P x ) 

< max 8 • disc A (£?) (1 - (a + 1)A(/ ^ 5)) 

< max{8 • disc A (g) : g, A such that A(/ / g) < — - — } 

a + 1 

= 8 • sdisc^_(/) . 

Q + l 



7 i(A f ) = max / (1 - (a + 1)A(/ + g)) 

> maxdisc A ( 5 ) (1 - (a + 1)A(/ ^ <?)) 

> max{^ • disc A (» : g, A such that A(/ ^ g) < , 1 J 

2 2(a + 1) 

= - • sdisc i_(f) . 

2 2(S+T) U 7 



□ 



From Lemma |4] and Lemma [5] we have the following corollary. 
Corollary 1 Let f : X x y — > {0, 1} 6e a Boolean function; let z S {0, 1}; let a > l,e > 0. Then, 

^c\^{f)>(\-e) l -^(A f )- \ . 

2'a + l 2 8 2 

2.3 Partition bound for relations 

Here we define the partition bound for relations. 

Definition 13 (Partition Bound for relation) Let f C XxyxZ be a relation. The e-partition 
bound of f , denoted prt e (/), is given by the optimal value of the following linear program. 

Primal BmL 

min: w z ,r max: (1 — t)Hx,y + 4>x, y 

z r (x,y) 

V(a;,2/): ^ ^ w z , R > 1 - e, Vz,Vi?: ^ ^ a , B + ^ < 1, 

R:{x,y)£R z:(x,y,z)£f (x ,y):(x ,y)£R;{x ,y ,z)£f (x,y)£R 

\/(x,y): ^2 ^2wz,R = l, Vfay) : fJ, x , y > Q,4>x,y €R . 

R:(x,y)£R z 
Vz,Vi? : W z R > . 
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As in Theorem [H we can show that partition bound is a lower bound on the communication 
complexity. Its proof is skipped since it is very similar. 

Lemma 6 Let f<^XxyxZbea relation. Then, Re Ub (/) > log prt e (/) . 
2.4 Las Vegas Partition Bound 

In this section we consider the Las Vegas communication complexity. Las Vegas protocols use 
randomness and for each input they are allowed to output "don't know" with probability 1/2, 
however when they do give an answer then it is required to be correct. An equivalent way to view 
is that these protocols are never allowed to err, but for each input we only count the expected 
communication (over the coins), instead of the worst case communication (as in deterministic 
protocols). Below we present a lower bound for Las Vegas protocols via a linear program, which 
we call the Las Vegas partition bound. 

Definition 14 (Las Vegas Partition Bound) Let f : X x y — > Z be a partial function. The 
Las Vegas-partition bound of f , denoted prt^y(/), is given by the optimal value of the following 
linear program. Let IZf denote the set of monochromatic rectangles for f. 

Primal Dual 



W R+Y. VR max: ]T i • fi x , y + ^ 4> x , y 
V(*,y) G f' 1 ■ ^ WR -~2' VJ? G TZf : 2J V*,y+ ^2 4>x,y < 1, 

R£n f :(x,y)£R ( x ,y) g /- 1 (z)nR (x,y)£R 

V(x,y): w R + VR = 1 > VRell: <^,y < b 

Re1Z f :(x,y)£R R:(x,y)£R (x,y)£R 

VR:wr,vr>0 . V(x, y) : fi x , y > 0, (f> x ,y G R . 



The following lemma follows easily using arguments as before. Below Ro(/) represents the Las 
Vegas communication complexity of /; please refer to [KN97] for explicit definition of Ro(/)- 

Lemma 7 Let f : X x y — > Z be a partial function. Then, Ro(/) > logprt Ll/ . 

Let prt* LV (f) be defined similarly to prt LV (f), except that the constraints 

R£llf.(x,y)<=R 

are replaced by 

V(x,y)€/- 1 : Yl w R = l/2 . 

R£Tlf.(x,y)eR 

Then we can observe prt (/) > prt* LV (f) > |prt (/). Note that logprt£y(/) forms a lower bound 
for Ro(/) if there is a Las Vegas protocol for / that has the probability of output 'don't know' for 
all inputs. 
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2.5 Separations between bounds 

In this section, we discuss some separations between some of the bounds we mentioned. 

Theorem 2 1. log prt e (Disj) > log rec e (Disj) = Cl(n), while log72 (Disj) = 0{\/n) for all e < 1/2 
and a > 1. 

2. There is a function f : {0, l} n x {0, l} n -► {0, 1} such that log prt £ (/) > log rec £ (/) = n(n), 
while logrank(/) = 0(n°' 62 ) for all e < 1/2. 

3. Let the function LNE : {0, l}™ 2 x {0, l}™ 2 {0, 1} 6e denned as 

LNE(xi, . . . ,x n ;yi, . . . = 1 <^=>- Mi:xi^yi 

, where allxi,yj are strings of lengthn. Then D(LNE) = rank(LNE) = n 2 ; however Ro(LNE) = 
0{n) and logprt (LNE) = O(n). 

Proof 

1. The lower bound is from [Raz92| . the upper bound follows from [AA05 . 

2. The function is described in [NW95]. 

3. The lower bound D(LNE) = n 2 is shown in |KN97] where it was shown that log rank(LNE) = 
n 2 . It is not hard to see that the Las Vegas complexity of LNE is 0(n) which is also shown 
in [KN97j . 

In order to show log prtg(LNE) = 0(n), we describe a solution to the primal program for 
the partition bound for LNE. We will assign a positive weight wr, to every monochromatic 

def 

rectangle R such that the sum of weights is small. In this case one can set w Zt R = wr where 
z is the color of the monochromatic rectangle R (all other w z ' r are 0). 

We present the analysis below assuming that none of x\ . . . x n , yx . . . y n is n . The analysis 
can be extended easily if such is the case. 

First we consider the 1-inputs of LNE. Let R zi ,...,z n ,si,...,s n be the rectangle that contains all 
inputs with ^ . X{(j) ■ z%{j) = S{ mod 2 and ^ • yi{j) ■ z%(j) ^ S{ mod 2 for all i. Note that 

these are 1-chromatic rectangles. We give weight 2 n /2 n to each such rectangle. For every 
1-input xi,...,x n ;yi,...,y n and all si,...,s n 



2 n 2 2 n 



for uniform z±, . . . ,z n . Hence 

^ ~] ^-Rz-| ,...,z„,s-| ,...,sn 2 

when the sum is over all R Zl ,...,z n ,s 1 ,...,s„ consistent with x\, . . . , x n ; yi,...,y n . The sum of 
the weights Wr zi ... iJSn>81i ... jSn of ah 1 such rectangles is exactly 2 2n . 
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Now we turn to the 0-inputs. For each of them there is a position k+1, where xu+i = Vk+i but 
x i Hi f° r & h i < k. Let R Z \,...,z k ,si,...,s k ,u denote the rectangle that contains all inputs with 
J2j Xi(j)-Zi(j) = Si mod 2 and J2j yiti)- z iti) ¥= «i m °d 2 for all i < k and x fc+ i = y k+1 = u. 
The rectangle R zi ,...,z k ,si,...,s k ,u receives weight 2 k /2 nk . As before it can be argued that every 
0-input lies in 2 nk /2 k such rectangles, so the constraints are satisfied. The overall sum of 
rectangle weights is at most 

V2 fal • 2 k ■ 2 n ■ A- < 2 ■ 2 3n . 

k=0 

Hence logprt (LNE) < log Y,Ren LNE W R = °( n )- 



□ 



3 Query Complexity Bounds 

In this section we define the partition bound for query complexity and also other previously known 
bounds. 

3.1 Definitions 

Let / : {0, l} n — ► {0, l} m be a function. Henceforth all functions considered are partial unless 
otherwise specified. An assignment A : S — > {0, l} m is an assignment of values to some subset S 
of n variables. We say that A is consistent with x £ {0, l} n if xi = A(i) for all i £ S. We write 
x G A as shorthand for 'A is consistent with x\ We write \A\ to represent the size of A which is 
the cardinality of S (not to be confused with the number of consistent inputs). Furthermore we 
say that an index i appears in A, iff i G S where S is the subset of [n] corresponding to A. Let A 
denote the set of all assignments. Below we assume x £ {0, 1}™, A £ A and z £ {0, l} m , unless 
otherwise specified. 

3.1.1 Partition Bound 

Definition 15 (Partition Bound) Let f : {0, 1}™ -> {0, l} m be a function and let e > 0. The 

e-partition bound of f, denoted prt e (/) ; is given by the optimal value of the following linear program. 

Primal Dual 
min: ^^Wz,a-2 |a| max: ^ (1 - e)fe + ^ <f> x 

Wx: J2 Wz - A = 1 ' \/x:/j, x >0,ct) x eR. 

A:xEA z 

Vz,VA : w z ,a > . 
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3.1.2 Known Bounds 



In this section we define some known complexity measures of functions. All of these except the 
(errorless) certificate complexity are lower bounds for randomized query complexity. See the survey 
by Buhrman and de Wolf [BW02J for further information. 

Definition 16 (Certificate Complexity) For z G {0, l} m , a z- certificate for f is an assignment 
A such that x G A => f(x) = z. The certificate complexity C x (f) of f on x is the size of the smallest 

f(x) -certificate that is consistent with x. The certificate complexity of f is C(/) == max^gj-i C x (f). 

The z-certificate complexity of f is C z (f) == m&x. x ,fr x \ =z C x (f). 

Definition 17 (Sensitivity and Block Sensitivity) For x G {0, l} n and S C [n], let x s be x 
flipped on locations in S. The sensitivity s x (f) of f on x is the number of different i G [n] for which 

f(x) / /(#). The sensitivity of f is s(f) d = max^j^i s x (f). 

The block sensitivity bs x (f) of f on x is the maximum number b such that there are disjoint 

sets Bi, . . . ,Bb for which f(x) ^ f(x Bi ). The block sensitivity of f is bs(f) d = max^gj-i bs x (/). If 
f is constant, we define s(f) = bs(f) = 0. It is clear from definitions that s(f) < bs(f). 

Definition 18 (Randomized Certificate Complexity [A06]) A e- error randomized verifier for 
x G {0, l} n is a randomized algorithm that, on input y G {0, l} n , queries y and (i) accepts with 
probability 1 if y = x, and (ii) rejects with probability at least 1 — e if f{y) ^ f{x). If y ^ x but 
f(y) = f( x )> the acceptance probability can be arbitrary. Then RC^(f) is the maximum number of 
queries used by the best e-error randomized verifier for x, and RC e (f) = max^gj-i RCf(/). 

The above definition is stronger than the one in [A06]. 

Definition 19 (Approximate Degree) Let f : {0, 1}™ — > {0, 1} be a Boolean function and let 
e > 0. A polynomial M n — > M is said to e-approximate f, if \p(x) — f(x)\ < e for all x G / _1 and 
< p(x) < 1 for all x G {0,1}" . The e-approximate degree deg e (/) of f is the minimum degree 
among all multi linear polynomials that e-approximate f. If e = we write deg(/). 

Definition 20 (Classical Adversary Bound) Let f : {0, l} n — ► {0, l} m be a function. Let 
p = {p x : x G {0, l} n ,p x is a probability distribution on [n]}. The classical adversary bound for f 
denoted cadv(/) ; is defined as 

cadv(/) == min max 



p x,y:f(x)^f(y)^ i . x .^ y .mm{p x (i),py(i)} 

The classical adversary bound is defined in an equivalent but slightly different way by Laplante 
and Magniez [LM08j ; the above formulation appears in their proof and is made explicit in [SS06]. 
Aaronson [A08j defines a slightly weaker version as observed in [LM 08j. Laplante and Magniez 
do not show an general upper bound for the classical adversary bound, but it is easy to see that 
cadv(/) = 0(C(/)) for all total functions. 

Definition 21 (Quantum Adversary Bound) Let f : {0, 1}™ — > Z be a function. Let T be a 
Hermitian matrix whose rows and columns are labeled by elements in {0, l} n ; such that T(x,y) = 
whenever f(x) ^ f(y)- For i G [n], let Di be a Boolean matrix whose rows and columns are labeled 
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by elements in {0, 1}™, such that Di(x,y) = 1 if %i 7^ Vi and Di(x,y) = otherwise. The quantum 
adversary bound for f, denoted adv(/) is defined as 



. def 

adv = max 



ryo maxj ||r o Di\\ 
3.2 Comparison between bounds 

The following theorem captures the key relations between the above bounds. Below R e (/) denotes 
the e-error randomized query complexity of /. 

Theorem 3 Let f : {0, l} n — > {0, l} m be a function, then 

1. R e (/) > ±logprt e (/). 

2. logprt (/)>C(/). 

3. Let e < 1/2, then log pit. (/) > e • bs(/) +loge - 2. 

4 

i logprt e (/) > RC^(/) + loge. 

l-2e 

5. log prt e (/) > (1 - 4e) • cadv(/) + loge. 

6. Ze^ / : {0, l} n — ► {0, 1} 6e a Boolean function. Then, log prt e (/) > deg 2e (/) + loge. 

7. Let f : {0,1}™ -> {0,1} 6e a SooZean function. Then, D(/) = O(logprt (/) • log prt 1/3 (/)) 
and D(/) = 0(log prt 1 / 3 (/) 3 ), where D(/) represents the deterministic query complexity of f . 

Proof 

1. Let {u> Zi a} be an optimal solution to the primal of prt e (/). Let V be a randomized algorithm 
which achieves R e {f). Then V is a convex combination of deterministic algorithms where 
each deterministic algorithm is a decision tree of depth at most R e (/)- As in the proof of 
Part 1. of Theorem [H we can argue that ^ 2 ^w 2 a < 2 Re ^\ Now since for each A above 

\A\ < Re(f), 

pM/) = E E w ^ 2lAl z 2Rt(/) ( E E J ^ 22Re(/) • 

Hence our result. 

2. Let {w z ^a} be an optimal solution to the primal of prt (/). It is easily observed that w Z: a > 
implies that A is a z-certificate. Fix xinf -1 , now 

prtb(/) =EE»m • > E • 2lA| ^ 2M/) ■ ( E 

2 A A:xeA VAixSA / 

= 2 c * (/) 

Hence logprt (/) > max x€f -i{C x (f)} = C(f). 
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3. Fix x £ f- 1 . Let b = bs x (/) and let B 1 ,...,B b be the blocks for which /(x) / /(x Bi ). 
Let fi x = f 2 e6_1 ;<^ E d = —(1 — e)/j, x and for each % £ [6], let —^> x B i = ^b, d = Let 
0j/ = % = f for y ^ {x, x Bl ,...,x Bb }. 

(a) Let \A\ > eb. It is clear that Mz G {0, l} m : £ x , 6/ -i (z)n A /V + Ex'eA </v < < 2 ' A| - 

(b) Let |A| < eb. Let z / /(x) or x ^ A. It is clear that Ei'e/-i(«)n4 ^' + Sx'eA^x' < 
0<2l A l. 

(c) Let |A| < e& and z = f(x) and x G A. Since at most eft blocks among B\, . . . ,Bb can 
have non-empty intersection with the subset S C [n] corresponding to A, at least (1 — e)b 
among {x Bl , . . . , x Bi >} belong to A; therefore (since e < 0.5) 

E + E ^ ^ e • 2€6_1 - ( x - e ) 6 ^r- < ^ 2 ' A| - 

Therefore the constraints for prte(/) are satisfied. Now, 

Prt. (/) > J> - |K + 0x = (1 - J)2 eb - (2 - e)2*~ l = e2^~ 2 . 

a; 

Hence our result. 

4. Let {w Z: a} be an optimal solution to the primal of prt e (/). Let a d = X 2 Zm^M- ' 2 ' A '- Let 

.4' = {A : \A\ < log f }. Then £ 2 Ea^.4' < e. Fix x G Z" 1 . Let ^ = {A G .A' : x G 
^4}. We know that 

a x = Yl w f(*)A > E "7(*M " e - 1 " 2e • 

The verifier V x for x acts as follows: 

(a) Choose A G A' x with probability Wf ^' A . 

(b) Query locations in A. 

(c) Accept iff locations queried are consistent with A. Reject otherwise. 

Now it is clear that if the input is x then V x accepts with probability 1. Also the number 
of queries of V x are at most log j on any input y. Let y be such that f(y) / f(x). Let 

A! x /^{A£A! x :y£A}. Then, 

S - S E ^ - E E ^ + e - 2e • 

AeA^ AeA':y&A z^f(y) AeA:yeA z^f(y) 

Hence y would be accepted with probability at most ^ < 3-^. Hence our result. 

5. Let {u> 2 ,a} be an optimal solution to the primal of prt e (/). Let a = f Yl z Y1a w z,a ■ 2'^' and 

k d = log j. Let A' == {^4 : |A| < k}; then X 2 Xa^A' w z,a < e. We set p as in the definition 

of cadv as follows. For all x G let A' x = {A £ A' : x £ A}. Define distributions p x on 
[n] as follows: 
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(a) Choose A £ At with probability q(x, A) = v Wf ^ A . 

(b) Choose i uniformly from the set {i : i appears in A}. 

It is easily seen that p x is a distribution on [n] . We will show that 

max : — r ^\ T^vT - i ;T> ( 6 ) 

x,y:f(x)^f(y) 22i:x^y t mm {P* (*) , Py (*)} 1 ~ 4e 

which proves our main claim. 

def 

Take any sc, y such that f(x) / /(y). Let's define Vi G [n], q x (i) = Y,AeA' x .i appears in A <?0> ^); 
similarly define q y {i). It is clear that Vi G [n] : fe^') > and > We will show: 

^ minfe^), g y (i)} > 1 - 4e, 

which implies ([6]). 

Now assume for a contradiction that Yli- Xt ^y l m i n {Qx(i), < 1 — 4e. Consider a hybrid 

def 

input r G {0, l} n constructed in the following way: if ^(i) > then r, = Xj, otherwise 
n = yi. Now, 

Y Y w *> a > Y Y w *> a 

A:reA z A£A' r * 

^ Y w m,A- Y ?*(*)+ Yl w f(y),A- Y 

Ae^i i-qx(i)<<iy(i) AeA; i-q y (i)<qx(i) 

- Y W f(x),A+ Y W f(y)A~ Y mm fe(«),<?2/00} - 2e 
A:x&A A:y&A i-.x^yi 

> 2(1 - e) - (1 - 4e) - 2e > 1 . 
This contradicts the assumption that {w Z) a\ is a feasible solution to the primal of prt e (/). 

6. Let {w Z: a} be an optimal solution to the primal of prt e (/). Let a d = J2 Z J2a w z,a • 2'^'. Let 

.4/ d = {A : \A\ < log^}; then J2 Z J2a$A' w z,a < £• For A G «4.', let m^(a;) be a monomial 

which is 1 iff x G A. Let p(x) d = Xm6.A' ^i,a ■ m A( x )- Note that the degree of p(x) is at most 
log — . Now since the constraints of the primal of prt e (/) are satisfied by {w z> a}, we get, 

Vx G f-\l) : 1 > p(x) = Y W ^ A > Y Wl > A - e > 1 - 2e, 

AeA'ixeA AeA-.xeA 



and 



and 



VxG/- 1 (0):0<p(x)= w M < ^ Wi, A + e<2e, 

AeA'-.xGA AeA-.xeA 



Vx : < p(x) < 1 . 
Therefore p(x), 2e-approximates / and hence our result. 
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7. For a Boolean function /, it is known that D(/) = 0(C(/)bs(/)) and D(/) = 0(bs(/) 3 ) (refer 
to [BW02| ) . The desired result is implied now using earlier parts of this theorem. 



□ 



3.3 Example: Tribes 

In this section we give an example of applying the partition bound. We consider the Tribes function 
/ : {0, l} n — > {0,1}, which is defined by an AND of -y/n ORs of ^fn variables Xij. Note that 
C(/) < \/n, and hence cadv(/) < 0(y/n), and that furthermore deg 1/ / 3 (/) is known to lie between 
f^ro 1 / 3 ) and 0(y/n). So both of the standard general purpose lower bound methods cannot handle 
this problem well. 

Theorem 4 Let f be as above and let e £ (0, 1/16), then 

R e (/)>~logprt e (/)>J2(n). 

Proof We exhibit a solution to the dual of the linear program for prt e (/). In fact we use a one- 
sided relaxation of the LP for prt e (/), similar to the smooth rectangle bound. It is easily observed 
that the optimum of the LP below, denoted opt e (/) is at most prt e (/). 

Primal Dual 



^w A -2 |A| max: ]jP (1 - e)fi x - ]P efi x + 'Y] <p x 

A x:f(x)=l x:f(x)=0 X 

Va; with f(x) = 1 : J2 WA ^ 1 _ e ' yA : ~ V* + <t>*> < 2 W , 

A:xeA iS/~ 1 (l)nA iS/~ 1 (0)nA xGA 

Va; with f(x) = 1 : ^ w A < 1, Va; : fj, x > 0, <j> x < . 



Vx with /(a;) = : ui^ < e, 

VA : wa > . 

We will work with the dual program and will assign nonzero values for (fi x ,(ftx) on three types of 
inputs. Denote the set '■ j = 1, • • • , y/n} by B{. This is a block of inputs that feeds into a 

single OR. The first set of inputs has exactly one Xij = 1 per block B{. Clearly these are inputs 

with f(x) = 1, and there are exactly \prv such inputs. Denote the set of these inputs by T\. 
Then we consider a set of inputs with f(x, y) = 0. Denote by To the set of inputs in which all but 
one block Bi have exactly one 1, and one block Bi has no X{ j = 1. Again, there are y/n^ such 
inputs. Finally, T2 contains the set of inputs, in which all Bi except one have exactly one 1, and 
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one block has two l's. There are ( v / n) v/ "(n — \/n)/2 such inputs. Let 5 d = \ — 4e and, 



For all x G T x : fi x = <j) x = 0, 



For all x G T : // x = = ; X = 0, 

-4 • 2 Sn 

For all x G T 2 : X = // x = 0, 

3(n — y / n)y / n 

For all x g T U Ti U T 2 : \i x = <fe = . 



Claim 1 {fi x , (fr x } as defined is feasible for the dual for opt e (/). 

Proof Clearly Vx : \i x > 0, X < 0. Let A be an assignment with \A\ > 5n; in this case, 

E »x- E to + J2<t>*< E ^<2 <5n <2^i. 

^e/- 1 ( 1 )nA xeZ-i^nA zeA x6 /-i(i) 

From now on |A| < <5n. Let A fix at least two input positions to 1 in a single block B{. In this case 
clearly, 

a;G/ _1 ( 1 )nA x ef- 1 (o)nA xeA 

Hence from now on consider A which fixes at most a single input position to 1 in each block Bi. 
For block i let on denote the number of positions fixed to in Bf, let fa G {0, 1} denote the number 
of positions fixed to 1 and let 7$ denote the number of free positions, i.e., y/n — cti — fy. 

First consider the case when k = J2i Pi ^ (1 — 4e)yn and w.l.o.g. assume that the last k blocks 
contain a 1. The number of inputs in T\ consistent with A is exactly Y\i=i~ k ^i- The number of 
inputs in To consistent with A is 

y/n—k — y/n—k y/n—k 

e n '.^ n^n* 

»=1 j = l,...,y/E-k;j^i V 1=1 1=1 



Hence, 



E to- E ^ + E^^^( 1 -|) II 7i<o. 

^e/- 1 ( 1 )nA xef-i^nA xeA v n i=i 



Now assume that k = £7 A > (1 — 4e)y/n. Again w.l.o.g. the last fc blocks have = 1. There 
are n^i~ fc 7* inputs in Ti n A. The number of inputs in T2 n A is at least 

s/n—k \ / v 7 " \ / Vn—k \ 

II 7i ■ E 7i > II 7i -n(l-<5-4 e ), 
i=i / \i =v ^_fc + i / \ i=i / 
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because we can choose a single 1 for the first ^/n — k blocks, and a second 1 in any of the last k 
blocks. Hence 



n 

xGAC\T 2 \ i=l 



E ^<- \ II *\ -n(l-8-4e) 



3(n — y/n)>Jn 



3(n - y/n) 



<- E ^ ) -(i-*-4€)-| = - ( E ^ 

Hence the constraints for dual of opt e (/) are satisfied by all A. □ 
Finally we have, 

prt e (/) > opt e (/) > E E e ^ + E^ 

x:/(x)=l x:/(x)=0 * 

= 2 5n ^ _ £ _ 1. _ = 2 n(„) _ 

Hence our result. □ 

3.4 Partition bound for relations 

Here we define the partition bound for query complexity for relations. 

Definition 22 (Partition Bound for relations) Let f C X x Z be a relation, let e > 0. The 
e-partition bound of f , denoted prt e (/), is given by the optimal value of the following linear program. 

Primal Dual 
min: ^ ^ ^z,a • 2 |A max: ^(1 — e)/j, x + <j> x 

z A x 

Vx: J2 ™*,A>l-e, Vz.VA: ^ ^ + ^^<2 |j41 , 

A:x£A z:(x,z)ef x:x£A;(x,z)£f x£A 

\/x : W ^ A =1 > Vx : /i, > 0, G R . 

A:x£A z 

V«,WL : w z ,A > . 

As in Theorem [31 we can show that partition bound is a lower bound on the randomized query 
complexity of /. Its proof is skipped since it is very similar. 

Theorem 5 Let f C X x Z be a relation, let e > 0. Then, R e (/) > \ logprt e (/) . 

3.5 Separations between bounds 

In this section we discuss separation between some of the bounds mentioned. 
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Theorem 6 1. log prt e (Tribes) = Q(n), while C(Tribes), cadv(Tribes), adv(Tribes), deg(Tribes) = 

OWn). 

2. There is a function f : {0, l} n — * {0,1} such that logprt e (/) > fi(bs(/)) = Q(n), while 
deg(/) = 0(n a62 ) for all e < 1/2. 

Proof 

1. The lower bound log prt e (Tribes) = D,(n) is shown in Theorem 01 The upper bound on 
C(Tribes) is obvious, and implies the bound on cadv. The remaining bound follow from the 
existence of efficient quantum query algorithms for the problem. 

2. Examples of such functions are given in [NS94L INW 95] with the best construction attributed 
to Kushilevitz in the latter paper. 

□ 

In the first result above the partition bound with error beats all of the "standard" lower bound 
methods for randomized query complexity (as well as C). In the second result the partition bound 
is better than the exact degree. By composing Tribes with the function / above we can also get a 
function for which log prt e is polynomially larger than C and deg simultaneously. 

3.6 Boosting 

We remark, without proof, that the error in the partition bound (both communication and query) 
and its relatives can in general be boosted down in the same way as the error for randomized 
protocols, for example we have: For all relations /: log prt 2 -fc (/ ) = 0(k • log prt x / 3 (/)). 

4 Open Questions 

Here we state some of the questions left open. 

Communication Complexity 

1- Is R i/3(/) = P° | y( 1 ogprt 1/3 (/)) for all relations /? 
2. Is prt 1/3 (Tribes) = fi(n) ? 
Query Complexity 

1. Is R 1/3 (/) = 0(log 2 prt 1/3 (/)) or better still is R 1/3 (/) = 0(log prt 1/3 (/)) ? 

2. Isadv(/) = 0(logprt 1/3 (/)) ? 

3. Is deg(/) = O(prt (/)) ? 
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